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Abstract. For curves over Q with good reduction at p, one can ask about the
size of the p-torsion of the reduction of its Jacobian. If this p-torsion group
has maximum size, the curve is called ordinary. In this talk, we will discuss
an extension of this notion to (families of) semi-stable curves. We will use
associated graphs to study the action of finite groups on ordinary semi-stable
curves, giving rise to Galois covers of semi-stable curves. Using deformation
theory, we will deform these covers into covers of smooth curves, keeping the
ordinarity of the original curve, in an attempt to (partially) solve the inverse
Galois problem for ordinary smooth curves. Finally, we will construct some
explicit examples.

0 Introduction

The inverse Galois problem has been studied before for function fields. For the
function fields Q,(¢) and F,(¢) the problem has been solved constructively using
rigid analytic methods, see for example [MaMa99, Ch. V]. Now, if we consider
the geometric picture and consider the constructed covers as Galois covers of
IP’% , this method does not tell us much about the geometric properties of the
P
covers. We are in particular interested to know when it is possible to construct
ordinary Galois covers of IP’% . The method discussed in this talk will provide a
p
method construct such ordinary Galois covers of P! for various Galois groups.

In particular, it will allow us to constructively show that there exist ordinary
hyperelliptic curve of any genus (cf. [GIPr05, Thm. 1, sect. 2, p. 301]).

0.1 Conventions and notation

Everywhere k is assumed to be a field of characteristic p > 0 and k is assumed
to be an algebraic closure of k.

A curve over some base scheme S is defined to be a scheme which is fibre-
wise geometrically reduced and geometrically connected, and projective, flat, of
relative dimension 1 over S.



1 Ordinarity of semi-stable curves

For smooth curves over a field &, there is a classical notion of ordinariness.

Definition 1. Let C/k be a smooth curve of genus g. Then C'is called ordinary
if its Jacobian J is ordinary, i.e. if |J[p](k)| is maximal:

| lpl(k)| =

Now we will extend this definition in two ways: it will work for semi-stable
curves, and it will work over arbitrary base schemes. Let us first quickly recall
a definition.

Definition 2. A curve C/k is called semi-stable if all its singular points are
nodal. More generally, a curve C/S is called semi-stable if all its geometric
fibres are.
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Definition 3. Let C/k be a semi-stable curve. Then C is called ordinary if
the map F : H(C,0¢) — H'(C,O¢) induced by the absolute Frobenius is an
isomorphism. More generally, a semi-stable curve C/S is called ordinary is all
its geometric fibres are.

This definition is chosen in such a way that the locus on S on which a curve C/S
is ordinary is always open (cf. [FvdG04]) . The following proposition provides
us with a more intuitive alternative definition.

Proposition 4. Let C'/k be a semi-stable curve, and let C1, ..., Cy be the com-
ponents of its normalisation. Then C' is ordinary if and only if C1,...,Cy are.

2 Graphs associated to semi-stable curves

To a semi-stable curve one can associate a graph by taking its irreducible com-
ponents as vertices and its singular (nodal) points as edges. Next we want to
consider finite groups acting on semi-stable curves. We want to formally define
the associated graph in such a way that the categorical quotient by the group
action commutes with taking the associated graph. The following two example
will be used to (partially) motivate the definition that follows.



Example 5. Let C/k be a curve obtained by gluing three copies of P! in a
triangle shape. We let the group G = Z/3Z act on C by cyclically permuting
these curves. Then the quotient of C' by G is one copy of P! with two of its
points glued together.

Example 6. Let C/k be the same curve as in the previous example. We let
the group G = S5 act on C, by cyclically permuting and mirroring the whole
curve in its three symmetry axes. Then the quotient of C' by G is isomorphic
to PL.

Definition 7 (Graph). A graph consists of the following data:
e a (finite) set of vertices V;

e for each vertex v € V a (finite) set of edge ends E, together with a
distinctive element 0, € E,;

e an involution n : | |E, — | |FE,, giving the opposite of each edge end,
whose only fixed points are the @,,.

Definition 8. Let C/k be a semi-stable curve. Then its associated graph T'(C)
is constructed as follows. Its set of vertices is the set of irreducible components
of C. Besides the 0, for each singular (nodal) point P of C there are two edge
ends, sent to each other by n: one for each of the (possibly equal) components
that intersect in P.

Example 9. The graph corresponding to the curve C from Examples [5| and
[6] consists of three vertices C1,Cy and Cs. The set of edge ends for C; is
{C@h Ci,g, Ci73}, Where @l = Ciﬂ‘ and n(C’i,j) = Cj,i-

Remark 10. The (), may seem a bit arbitrary in Definition [7] They are put
there to make sure that edge ends from one vertex to itself can be contracted, as
they should in Example [} One could also consider curves with marked points
and consider edge ends linked to themselves as marked points. This might lead
to a more natural interpretation.

Now, we are ready for the next main statement.

Theorem 11. Let C/k be a semi-stable curve and let G C Auty(C) be a finite
group. Then there exists a semi-stable curve D /k, which is the categorical quo-
tient of C by G (in the category of schemes). Moreover, T'(D) is the categorical
quotient of T'(C) by G (in the category of graphs).

3 Galois covers and deformation

Let us first give a very general definition of a Galois cover of schemes.

Definition 12. Let f : A — B be an affine morphism of noetherian schemes
and let G be a finite group of automorphisms of A. Then f is called a G-Galois
cover if:

(i) for each open U C B we have Op(U) = O4(f~1(U))%;



(ii) each g € G\ {id} does not act as the identity on any of the irreducible
components of A.

Example 13. Let C/k be a semi-stable curve and let G C Autg(C) be a finite
group of order coprime to p, satisfying property (ii) from Definition Then
the quotient ¢ : C — D of C by G (cf. Theorem is a G-Galois cover.

In the setup of Example [13| we want to add some extra condition that we need
later. Locally at the completion the nodal singularities of C' are of the form

k[[a,b]]/(ab). We like to require the following for our action of G on C.

Definition 14. In the setup of Example the action of G on C'is called ezem-
plary if for each node P € C, there exists an identification Ox, p = k[[a, b]]/(ab)
such that the action of Stab(P) C G can be lifted to k[[a, b]], such that Stab(P)
fixes ab.

Now we can state the main theorem of this section.

Theorem 15. Suppose that we are in the setup of Example[I13, that the action
of G on C is exemplary and that C is ordinary. Then there exists a G-Galois
cover q : C — D over k[[X]] and isomorphisms Cs = C and Ds = D, where

s € Spec(k[[X]]) is the special point, such that
e the cover q reduces to q on the special fibre (w.r.t. to the isomorphisms),
o the generic fibres C, and D,, are smooth,

e C is ordinary.

Proof outline. The idea is to extend the local cover
Spec(k{[a, b))/ (ab)) = Oc.p = Op,q(p)

for singular P € C to a cover over k[[X]] by extending the action of Stab(P) on
kl[a,b]]/(ab) to k[[a,b, X]]/(ab — X). For this we need the exemplarity. Then
we can glue these local deformations using a result of Saidi (see [Sail2]). O

4 Examples

In this section we will discuss a few examples that illustrate how to use Theorem
[I5]in practice.

Example 16. Let (Ey,01), (E2, Os) over k of characteristic p > 2 be two ordi-
nary elliptic curves. They give rise to Cy-covers @1 : E1 — P! and o : By — PL.
Now consider the semi-stable curve F obtained by gluing E; and Fs in O; and
O7 respectively, and the curve C obtained by gluing two copies of P! in ¢1(0;)
and p9(O3) respectively. Then we get a natural Galois cover ¢ : E — C and
by deforming it and taking the generic fibre, we get an ordinary hyperelliptic
curve of genus 2 over P! over k((X)).

Remark 17. There are certain specialisation techniques that allow us to find
an ordinary hyperelliptic curve of genus 2 over k from this curve over k((X)).



Example 18. Let G be a group generated by two elements hy and ho such that
hi has order 2 and hs has higher order, e.g. Ay with generators (12)(34) and
(123). Then we can consider the graph I' whose vertices are the elements of G
and with (single) edges between g and ghy, ghy and gh, ' for each g € G.

(234) (142)

(132) (243)

(123) (143)

(134) (124)
The graph for the group G = Ay with generators hy = (12)(34) and hy = (123).

Now we can construct the curve C over k of characteristic coprime to |G| by
taking a copy of P! for each vertex and glue the components in order to get
I' =T(C). The group G naturally acts on this curve, as an automorphism of
P! is determined exactly by determining the images of three distinct points.

As all P'’s are ordinary, C' is ordinary. Deforming this curve and then taking

its generic fibre gives a G-cover of an elliptic curve over k((X)).

Other examples which can be realised are: an ordinary D,-cover of P! and an
ordinary As-cover of P
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